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Abstract

The problem of evaluation of time spent for
attitude maneuver (rotation) during a finite rotation
given a boundedness of angular rates and accelerations
is solved. (The finite rotation means that the spacecraft
body basis is moved from its initial position to the final
one by the single rotation about an axis of finite
rotation.) It is supposed that the maximum angular
rates and accelerations about each spacecraft body axis
are specified and different for each spacecraft body
axis.

Very simple solution for the attitude maneuver
minimum duration along with maximum angular rate
and acceleration is suggested. The numerical results
can be found by some uncomplicated procedure with
several formulas and two tables.

Assessment of the minimum duration for the
spacecraft attitude maneuver is most important for the
rotations during the docking and undocking processes
and prior to orbital correction.

Introduction

While calculating the spacecraft attitude
maneuver (rotation), the problem of evaluation of time
spent for rotation often arises because it is required
usually to perform the rotation with minimum possible
duration.

However, a boundedness of the angular rates
and accelerations impedes the rapid implementation of
attitude maneuver. Maximum absolute magnitudes of
these rates and accelerations depend on spacecraft
moments of inertia and available torque created by
spacecraft actuators.

It is shown below how to find the attitude
maneuver minimum duration along with maximum
angular rate and acceleration if their components about
each spacecraft body axis are bounded, and maneuver
is performed as a finite rotation. The latter means that
the spacecraft body basis is moved from its initial
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position to the final one by a single rotation about an
axis of finite rotation” %,

Geometry of finite rotation is shown in

Figure 1. Here, e is an axis of a finite rotation, y is
an angle of finite rotation, O is the spacecraft center
of mass, X; and X7 are the initial and final positions of
the spacecraft body axis X, and « is an angle between

the body axis X and axis of the finite rotation €. This
angle is constant during the rotation. The body axis X
moves over the surface of the cone with vertex in the
point O and cone angle 2o The angles S and y
between two other spacecraft body axes (¥ and Z) and

axis of finite rotation e are also constant, and these
axes move over the surface of the similar cones with
the cone angles 25 and 2 yrespectively.

Fig. 1. Geometry of finite rotation

Whole information about a finite rotation
except the angular rates and angular accelerations is

included in components of the rotation quaternion g "2

9, =cos%, q, = cosasin'—{,

: (1)
q, =cosﬂsin-}2£, q; =cosysin-’2li

208



Set up of Problem

For a given attitude maneuver, the angular
rate and acceleration vectors

X X
w=|wy| and &=|& 2)
@, £,
coincide with the axis of finite rotation e. The

maximum allowable magnitude of these vectors
(@max » and &, ) depends on absolute value of the
angular rate and acceleration limit for each body axis
(anm; W¥max > OZmax and Exmaxs E¥Ymaxs EZmax) and does
not depend on their sign. That is why, it is enough to
consider only positive value of these limits and the
unit vector of finite rotation in the spacecraft body
reference frame is

|cosa |
-0
e =|cosf|

|cosy |

()

The limits mentioned above form some
envelopes for the maximum angular rates and
maximum angular accelerations in the first quadrant of
the body reference frame (X, ¥, Z). One of the
mentioned envelopes (for angular rates) is shown in
Figure 2. It is a parallelepiped with edges |@ymar |,
|@ymax | |@zmax]. The value of @, depends on which
one of the parallelepiped faces (1, 2, and 3 in the Figure

2) is pierced by vector e, i. e. on the components of the

-0
unit vector ¢ . In the case that is shown in the Figure
2, vector e pierces the face 2. That means that

= |w1’max|

|cos |

Oy = Opmax  and

)

Maximum Angular Rate and Acceleration

The determination of the pierced face
number can be made through the use of the

0
projection of the unit vector ¢ on the coordinate
planes X7, YZ, and ZX. The boards of the envelope
on the mentioned coordinate planes are the

rectangles, which sides are |@xmax |, |@¥max |, |@zmad-
-0
Comparison between positions of the unit vector e
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projection and rectangle diagonal allows the
determination of the number of parallelepiped faces

z
Dl Face 3 (03) |
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'\ L2 | Face2 (2)
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0
| OYma
X \
| @omac | Face 1 (01)

Figure 2. Envelope of maximum angular rate

(1, 2, 3), which can be pierced by vector ¢. The
position of the mentioned projection relative to the
rectangle diagonal depends on relation between
following ratios

|cosf| |cosa| |cosy|
|cosa|” |cosy|” |cosB|’

(5)
|a)?max| |a)Xmax| |a)Zmax|
2 s .
|meaxF |w2ma.x| |a)}’max]

The situation when a projection of the unit
-0
vector e on the plane XY is closer to the X axis then
diagonal of the rectangle with sides |@ym. | and
4 L ALY g cos
| @ymax |, 1s shown in Figure 3. In this case, |——£-|- <
cosa |
| a)Y max I

J a)X max |

face 3 (shaded triangle) and whole face 1 (see Figure

3 [cos Bl
|cosa |

, and vector e can pierce the half of the

In the opposite situation, when

| a)Y max |
| a)X max |
face 3 (triangle without shading) and the whole face
2. The similar situations for planes YZ and ZX are
shown in Figures 4 and 5. Two other cases are
|cosy | "
|cos B

, vector e can pierce another half of the

shown in Figure 4. In the first of them,



|w2ma.x I

| a)Y max |
half (triangle) of the face 1 and whole face 2.

, and the vector e can pierce the shaded

7 12 Face 3 (V3)

Projection of the unit

vector EO on the plane XY 72 Face 3 (A3)

YA | o3
Face 1(01) | —T~l_ P Face 2 (002)
| O¥ma | 0 o s
|COSﬂ{ asmiany x ,’, ‘.\\‘\\
\_Y_J
|cosa| |@xmax | X X

-0
Figure 3. Correlation between position of the unit vector e projection on the plane XY and faces

pierced by vector e

Projeclifg of the unit 7 T /_ Face 3 (EB)
vector € on the plane YZ 1 e -7
ZA Y2 Face 1 (V1) —-\'\ A/ | Face2(2)
] L, /
L L | % Face 1(Al)
W7m l’f’
e S
|cosy { ; o .
W_J
|cosﬂ |wYmax | ¥

=0

Figure 4. Correlation between position of the unit vector e projection on the plane YZ and faces

pierced by vector e

]cosyl > |w2max|

|cos S|

vector ¢ can pierce another half of the face 1 and
whole face 3. Also, two cases are shown in Figure 5.

005G | _ | @y g |
[COS}’I |meax|
shaded half of the face 2 and whole face 3. When
|cosax |

In the opposite situation, when

2

|m}’max

, vector e can pierce the

> | w)t' max |
| COS}’ I | CDZ max |
half of the face 2 and whole face 1.

, vector e can pierce another

The total quantity of the possible combinations
of the inequalities, that establish relation between the
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ratios listed in (5), is eight.

The results obtained from Figures 2-5 for
angular rates are summarized in the Table 1. This
table covers all eight options for relations between
ratios listed in (5) and includes number of face
(rectangle) or part of face (triangle), which is pierced
by vector e according to these relations. The
mentioned rectangles and triangles are shown in the
bottom line for each option in the columns 3, 4, and
5 of the Table. These rectangles and triangles are
actually some sets. Intersection of these sets

determinates what component of the vector o is
restricted.



Ie

Table 1

. . |cosfB| |cosa| |cosy| | @y x| | Dy | | P | Face
Option Relation between ratios |cosa ' : Jcosy | ” Icosﬂl |Cf)x,.,ax | . |0)z,m | » lwrmax | nf;’;er B
1 2 3 4 5 6
(0058 _ | Dy | cosa| _ | @y gy | 0057 | _ | @ pas |
J 05| |y e | (0057 | | @y €03 B~ | Oy | = e
01+A3 01+V2 M2+A1 = l—ég—:ﬁl—
(005 B _ | @y g | [co8@| _ | @y | €087 | _ | @y |
g [cos| | @y e | 10057 |~ @y s | 1C0SB| |y | s
O1+A3 01+V2 [13+V1
, (€08 | _ | @y | |c0sa| _ | @y | €057 | _ | @y | b
0S|~ | @y e | COSY| |0y | 1€0S B| ~ | @y | e
12+V3 (13+A2 [02+A1 = ﬁ
[cOS Bl _ | @y pes| [cosa| _ | @y gy | |cos7 | |®ypay |
) [cos@| | @y e | €08y |~ | @y | €08 B| | @y | Ve
02+V3 01+v2 [12+A1
005 B _ | Dy e | (005G | _ | @y s | [cosy | _ | @y |
4 C0Sa| [ @y | 087 | | @ ey | Y. 43
O1+A3 03+A2 B+ Vi [f"zfm |
[cos B _ | @y e | [0S | _ | @y gy | [cosy| _ | @y = cosy|
o o5t |~ | @y | 1008 | | @7 | €08 B| | @ ey | ¥
[12+V3 03+A2 03+V1
005 B _ | Oy e | 05| _ | O e | €057 | _ | @7pes | _ _ [ |
i [00S| [ @y ey | 10057 | | @y | (00 8|~ | 0y | ot |cosar|
O1+A3 03+A2 [12+A1 Ok | @y x| _
€08 | _ | @y s | |coSQ| | @y s | 057 | _ | @ may | (see |cos B
; 10050 | @y py | 10057 ] |, uee| 10058 | @y | e | O |
[2+V3 01+v2 13+V1 |cosy |




For example, V1 in column 5 for option 2 (triangle
without shading on the facel) is the intersection of

column 4. In the same way, Al in the column 5 for
option 1 (shaded triangle on the face 1) is the

the 01 in column 2, 01 in column 3, and V1 in

Projection of the unit
-0
vector € on the plane ZX

XA
|meax |
|cosa[{ _ >
|cos |@zmax | Z

7 Face 3 (03)

— | % Face 2 (A2)

-~ | % Face 2 (V2)
,J----\--- L_.’Y

X Face 1 (O1)

—0
Figure 5. Correlation between position of the unit vector e projection on the plane ZX and faces pierced by

vector e

intersection of the (01 in column 2, (1 in column 3,
and Al in column 4. So, options 1 and 2 together
form the face 1, and vector e pierces face 1. In this
case @y 1is the restricted component, and

= I wX max |
|cosc |
together form the face 2, and in this case wy is the

(column 6). Options 3 and 4

A
A
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Figure 6. Vector e for options 7 and 8

. @
restricted component, and @y = }—ﬂ‘—“—w
|cos 8|

and 6 together form the face 3, and in this case w; is
| a)Zmnx |

" |cosy |
Options 7 and 8 are different from other options
because it seems that their sets (for example, sets

Options 5

the restricted component, and @mu

02+V3, 01+V2, and (03+V1 for option 8) do not have
any intersections. In fact the mentioned sets have the
intersections that are the boundaries of these sets. It is
clear from Figure 6. The planes 4, B, and C on this
Figure include axes OX, OY, OZ and diagonals O/, On,
and Ob of the rectangles Oclm, Oanm, and Oabc

respectively. Vector e coincides with these planes
when inequalities in lines 7 and 8 of the Table 1
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change into equalities. In other words, these planes are

the boundary sets of possible position of the vector e,
and their intersection is the main diagonal Ok of the
parallelepiped. So, in this case, vector e coincides
with the parallelepiped main diagonal, and

Dy = VO pae + O s + D2
(6)
_ % | e | @ x| = | 07 max |
|cosa| |cosf| |cosy|

The column 6 in the Table 1 includes the

formulas for calculation the @, for all possible
relations between ratios (5).

The envelope for angular acceleration is also a
parallelepiped like for angular rate. Its edges are
|max |» |E¥max |» |Ezmax]. The value of &, depends on
which one of the faces (1, 2, and 3) of this

parallelepiped is pierced by vector e like for @ma.
The same type of analysis, which was performed for

(5), can be completed for the ratios

|cos B| |cosa| |cosy|
|cosa|” |cosy|” |cosfB|

(7
|€Ymnx; ingaxl |8Zmax|

lg)('maxl, |82maxl, |£]’mnx|.

For the ratios listed in (7), the same eight
combinations of the inequalities exist, and the Table 2,
which is similar to Table 1, can be bult like for ratios
(5). The Table 2 (see below) can be obtained from the
Table 1 by substitution |&xmas |» |Evmax | |Ezmar] a0 Epax
instead of |@ymax)s |@rmaxls |Ozmar] a0A @pay. Column 5 in
Table 2 includes the formulas to calculate &, for all
possible relations between ratios (7).

Minimum Duration of Attitude Maneuver

After determination @ and &, the
minimum duration of an attitude maneuver can be
assessed. The time plot for the angular rate @ is shown
in the Figure 7. First, the angular rate o increases from

W A
T
< P
)
|
P < t
7. /|

Figure 7. Angular rate for an attitude maneuver

0 to @ with the angular acceleration &,,, at the
interval 7, Then, the angular rate @ is constant and
equal t0 @y, at the interval 7-27, and after that
decreases from sx. to 0 with the angular acceleration
(-6max ) at the interval 7. Obviously, the time plot that
is shown in the Figure 7 provided a minimum duration
of rotation. If T (see Figure 7) is a duration of attitude
maneuver and y is an angle of finite rotation, then
formulas

2

r T
= [ @t = @ (T -2T,) + 26 1, = ®

and
e =8 T (9)

are true.



Table 2

Relation between ratios

|cosa| |[cosy|

nd |£!’max| |€Xmax| |€stx|

Optior lcosa|” [cosy|” €SBl |&xme | |Erme| |y Emax
1 2 3 4 5
€05 81 _ |2y pgs| [c0s@| _ | &y pay | 0057 | _ |87
! 00| | £y | ESIr™ 105 B~ 1€y g | _ el
, [€0SA1 _ |5y au| 0050 | _ | £y 00571 _ &7 |cosa]
00| | £y py | 10057 | €y | 105 B 1€y e |
(€05 B1 _ |£ pes| 005 | _ | £y | 10057 | _ | £7pax
. 10050 |~ | €y e | 107 | 1€ | 10051 ™ |8y g | P L7
EYINE (05| _ |21, | (€057 _ %7 [cos 7]
% X 1007 | |6 | 108 B| [y g |
(€05 B] _ |5 pus| [€0S@ | _ | & g | (0057 | _ | £zpms|
. EXIE 10057 | |7 | YT | zun |
) EYINE™ (005 | _ [Erpe | (€057 _ [zl |cosy]
0G|~ [ £y | 10057 | 187, | 1008 81 | £y e |
i [0S B] _ |5 pur| [cos@| _ [ | (€057 _ 127s| | Exme] _ |Eram|_
100S&| | £ | 10057 |~ 1€7 | 1S B~ 1€y g | cosa| |cos f|
, €0 B| _ |y max | 0S| _ | £ e | 0057 | _ | &z _Ezom |
|COS@| " | £y | 10057 | |67 | 0SB~ | &y | |cosy |
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The final formula for the minimum duration of
attitude maneuver 7 that can be obtained from
formulas (8) and (9) is

(10)

Calculation Procedure

The minimum duration of the spacecraft
atitude maneuver (finite rotation) can be calculated by
the following procedure:

1. Calculation of the angle of the finite rotation y and
the direction cosines cosa, cosf, cosy of the finite

rotation axis e in the spacecraft body reference
frame (X, Y, Z) using formulas (1) for the
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components of the of the rotation quaternion E :

215

X =2arccosq,, cosa=-——-£i—2—, k
1-4q,
>(11)
cosﬂz—iz——-z—, cosy = 93 =.
1-g, l-q; J

Selection of the @, from the Table 1 using ratios
(5).

Selection of the &, from the Table 2 using ratios
7).

Calculation of the
spacecraft attitude

minimum duration of the
maneuver I using (10).
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